In this paper, I propose new models of quantum information processing using the exchange interaction in physical systems. The partial SWAP operator that can be realized using the exchange interaction is used as the underlying resource for defining models of quantum computation, quantum communication, quantum memory and decoherence-free subspaces. Given the noncommutativity of these operators (for adjacent operators operating on a common qubit), a number of quantum states and entanglement patters can be obtained. This zoo of states can be classified, due to the parity constraints and permutation symmetry of the states, into invariant subspaces that are used for the definition of some of the applications in this paper.
Introduction
Entanglement is a non-classical manifestation of quantum formalism that was formulated to describe the non-local correlations that develop in quantum systems in certain physical processes and systems [1] - [7] . Over the years, this facet of the quantum world has been found in a number of physical systems, be it photonic [8] [9] [10] [11] , phononic [12] [13] [14] , atomic [15] [16] [17] [18] [ 19] or electronic [20] [21] [22] . Entanglement is also the quintessential quantum-mechanical phenomenon that forms the underlying resource for future quantum technologies and therefore is a major subject of interest and research [23] - [28] . Be it in quantum computation [29] [30] [31] , quantum communication [32] [33] [34] or quantum cryptography [35] [36] [37] , entanglement is what these applications in quantum information processing are built on.
Entanglement in condensed matter systems, from quantum dots [38] [39] and been used to develop quantum technologies using entangled many-body systems [4] [5] [6] . Among the various physical interactions that can generate entanglement, the exchange interaction 1 2 H JS S = ⋅
has been particularly useful for generating entanglement [38] . Here J is the coupling constant and S are the spins in the interaction. The exchange operation can generate the SWAP as well as the SWAP α gates [43] [44].
Burkard et al. [45] showed how an XOR (Exclusive OR) gate can be created from a CPHASE (Controlled Phase-Flip) gate that can be created using the SWAP gate. Subsequently, Barenco et al. [46] showed that two XOR gates and four one-bit gates can simulate any unitary two-qubit gate, thereby paving the way for realizing universal quantum computation. Divincenzo et al. [26] showed that universal quantum computation can be achieved using only the exchange interaction if one considers logical qubits to be the fundamental building blocks of the computational system. Another way to realize universal quantum computation that can be implemented using the exchange interaction is the cluster state quantum computation model. Tanamoto et al. [47] showed that upon preparing the initial state ( ) 1 0 1 2 ± = ± and applying the SWAP one can obtain the familiar Raussendorf's cluster state [48] after the operation of two single-qubit rotations. Given the general non-commutativity of SWAP α gates (for adjacent operators operating on a common qubit), the number of states that can be generated with the operation of these operators are many times more than what could be achieved using a commutative operator such as the Controlled-Phase Gate. However, due to the parity constraints and permutation symmetries of states operated upon by these operators, one can classify the states into invariant subspaces, which can be used for various tasks in quantum information processing.
In this paper, I look at various quantum information processing applications that have been devised independently. In Section 2, quantum computation using the SWAP α gate is discussed using five different models. In Section 3, we look at entanglement swapping, repeaters and quantum communication using the exchange interaction. In Section 4, we propose a way to implement quantum memory using the SWAP α gate arising out of the exchange interaction.
In Section 5, we look at the idea of decoherence-free subspaces and how this can be defined for systems undergoing the exchange interaction between its constituents.
Quantum Computing Using SWAP α
Quantum Computation is the manipulation of quantum resources and quantum entanglement therein for the purposes of realizing an information processing task. Historically, the circuit-based model of quantum computation and mea-M. G. Majumdar Journal of Quantum Information Science surement-based model of quantum computation have been the most popular.
These arise from the key concepts of evolution and measurement of a quantum particle or system. The SWAP α gate is a powerful tool for carrying out quantum computation, due to its ubiquity in physical systems such as those with exchange interactions. We have seen that the locus of states accessible using these gates is restricted to a certain subspace of the Hilbert space. As a result, it is understood that not all states are accessible by only using the SWAP α gate.
In this section, we will be looking at how to realize five different models of quantum computation using the SWAP α gate as the key cornerstone of this discussion.
Circuit-Based Quantum Computing
In the realm of quantum information, a quantum circuit model of quantum computation is one wherein a computation is a sequence of quantum gates.
These quantum gates are reversible transformations on a quantum register, a system comprising multiple qubits. The key paradigm shift, going from classical computation to quantum computation is the presence of reversible (quantum) logic gates. These mappings preserve the Hermitian inner product and a general n-qubit (reversible) quantum gate is a unitary mapping U from the Hilbert space of n-qubits onto itself. The pertinent point to be addressed here is regarding the number of quantum gates and resources required that can optimally approximate any quantum computation.
Universal Gate Set
A set of universal quantum gates is a set of quantum gates that can, in a finite sequence of gates from this set, replicate any arbitrary unitary operation that may be possible on a quantum computer [49] Computer relies on the SWAP and single-qubit gates [38] . DiVincenzo and Loss showed that the SWAP gate is universal with single-qubit rotations.
This universality is derived in terms of the relation of the SWAP gate with the classical XOR gate, which can be realized using the CNOT gate in the realm of quantum information processing [54] . This leads us to believe that a generalized case (of any general SWAP α can comprise a universal gate set too).
The first step in defining a universal gate set using SWAP α is to realize that no such set can be made purely out of SWAP α gates since these gates preserve 
The SWAP α also has a fixed accessibility of states, as mentioned previously in this paper. Since the sum of the coefficients for vectors with the same 
Any circuit with two-qubit and single-qubit gates can thus be constructed using the SWAP α gate, alongwith single-qubit unitary operations.
Invariant Subspace-Based Quantum Computing
Permutation symmetry has been of significant interest to the world of quantum physics and quantum information [55] We see that this manner of composing invariant subspaces using the permutation symmetry of the system can be used for defining a model of quantum computation based on these subspaces. For defining the model, let us look at the fundamental elements that are needed to create such an implementation. The three most important sections of a quantum computer are:
high-fidelity initialization of the input quantum state, detection by measurement of the output quantum state at the individual qubit level and control of operations by interactions between qubits. In the previous section, we have defined universality of a set of quantum gates comprising the SWAP α gate and quantum single-qubit rotation gates. This is sufficient for universal quantum computation. Later in the paper, we will be discussing qudit-based quantum computing and cluster state quantum computing using SWAP α gates. In this section, we present our findings relating to a model of quantum computing that uses encoded quantum states as resource and that belong to the invariant subspaces of the symmetric group.
Divincenzo et al. [26] defined an encoded quantum computation model based on encoding three physical qubits in one logical qubit. For the case of qubits operated upon by the exchange interaction, we can have a different model of encoding and quantum computation that exploits the (permutation) symmetry of the system. For instance, for the three-qubit case, we can consider the Journal of Quantum Information Science invariant subspace [26] and Hamming weight 1,
where U is an operation based on the symmetry of the invariant subspace, and , , α β α′ and β ′ are complex numbers with This directly relates to the dimensionality of the invariant subspace.
Let us look at the kinds of initializations, operation and measurements that are required for this model of quantum computing.
Initialization
Ideally an input quantum state for a quantum computer is separable. However, in this model of invariant subspace-based, the input state must respect the symmetry of the invariant subspace. As a result, the input state can be the vector state, of the invariant subspace selected, which is closest to a separable state. For instance, for three-qubit states with the invariant subspace [26] and Hamming weight 1, a good input state would be ( )
Operations
The operations that can be applied on the vector-state are selected based on the permutation symmetry of the invariant subspace. Firstly, we need to look at all the Youngs Tableaux [61] for the invariant subspace. Thereafter, we can decompose the cycle-structure into transpositions and apply associated SWAP α on the vector state. The selection of the SWAP α depends on the output state that is required.
Measurements
The measurement basis for the invariant-subspace based quantum computing model comprises the m vector-states in the invariant subspace
Theoretically, this measurement can be carried out by projection operators onto the vector states.
Cluster State Quantum Computing
Cluster states can be generated using SWAP α gates [47] [62]. Tanamoto et al. [47] showed that this could be done for SWAP and iSWAP gates. We get to similar results independently, using numerical and analytical methods, and go on to define a dynamical model of cluster state quantum computation. Cluster states are pure quantum states [63] defined on two-level system arranged on a Journal of Quantum Information Science 
where
This realization can be carried out using a simple sequence of steps:
Generating the Two-Qubit Cluster States
Let us start with a state
Then, we apply a general SWAP α gate:
We use the following composite operator: 
to obtain the state 
We then operate with the operator: 
to obtain the cluster state:
This method can be extended for higher number of qubits. As can be seen, a general SWAP α has the problem of the need for the use of a non-local operator at the end to clean up the state to get the cluster state finally. This is, however, not the case for iSWAP gate, as used by Tanamoto et al. [47] .
Functional Quantum Computing
In classical computing and programming, we have object-oriented and functional models of information processing. While the former deals with the manipulation of elements and resources using operators, the latter relates to the changing of operators to realize a certain computation. Classical functional computing relies on what is known as-calculus [64] , which treats functions and data as the same type of objects. It allows for the computation of both functions of data as well as functions of functions.
This idea can be extended to the realm of quantum information processing too. The idea of quantum combs has been used for this purpose [65] [66], as have models based on quantum λ calculus [67] [68]. The switch-based model of functional quantum computing [69] is the realization that we are most interested in. In this paper, we extended the idea from being a control-qubitbased model to a control-qudit-based model.
The Model
The model takes as its inputs a set of N quantum operators { }
and a register of input qubits. In our model, let us consider that each operator is applied just once and that we encode the operator in the N-qubit control qudit as follows: 
This is an extremely useful tool for a multi-operator lattice-configuration such as the one we have developed for our model of cluster state quantum computation. Instead of restructuring the gates manually or even using gatepotentials in a synchronized manner, we can simply use the appropriate controlqudit to do the same.
Qudit-Based Quantum Computing
Quantum gates that are univesal for binary quantum logic operations belong to a family of unitary transforms are seen to be described by three parameters, and this arises out of the idea that up to an overall phase factor, any two dimensional unitary matrix can be written as However, we find it to be more useful to consider these three parameters as arbitrary variables, with 2 U representing a family of gates that can be realized by an appropriate choice of three physical controls. One of the properties of 2 U is that it can transform any known state of a qubit to 1 : 
We can now define the multivalued analog of
For our system, we devise a very simple way to do this. We will present the formalism using a state with Hamming weight 1 for n-qubits. This can be generalized to other states with different Hamming weights. We define the state 
In this formalism, we will use the property that ( ) 
Entanglement Swapping, Repeaters and Quantum Communication
In the realm of quantum information processing, entanglement swapping plays a major role in helping generate entanglement in remote particles. Interestingly, due to the symmetric way in which the state decomposition over vector states takes place, the entanglement between qubits 1 and n is always maximal! Thus, using such smaller units (pairs) of entangled qubits, we can generate maximal entanglement over more complex structures and longer distances. Using this, we have found a variant of the conventional quantum repeater protocol by using exchange interaction instead of projective measurements. Even though both Bell-measurements (as used in conventional repeater protocols) and realization of exchange interaction (as in our model) have associated errors, our protocol is particularly useful for systems that give rise to the exchange interaction, such as in spin-systems and quantum dots. The maximally entangled state formed in our protocol between qubits 1 and n can be used for various quantum information processing tasks. This is particularly useful for quantum communication protocols.
Quantum Communication Protocols
Quantum communication is the process of transferring an arbitrary quantum state from one place to another. One of its most important applications is Quantum Key Distribution (QKD), which is very important in quantum cryptography. Traditionally photonic systems have been the most popular for the realization of quantum communication. For the simple exchange of quantum information between the elements of a quantum information processing system over small distances, spin dynamics can help in realizing quantum communication protocols. Journal of Quantum Information Science 
Perfect reconstruction of the system takes place for This model, however, has some associated problems: firstly, the tuning of the Journal of Quantum Information Science interaction for the flying qubits has to be very precise and localized to the area around a qubit in a manner that does not affect or influence the other flying qubits. As can be seen from the form of the state, there needs to be a great degree of control for this communication protocol. Secondly, errors could also arise with greater number of such interactions.
Communication Using a Chain of Stationary Spins
A natural extension that could take place would be if the interactions between the qubits in a chain are non-changing and not controllable, and we cannot apply any control fields to the qubits. Such systems where a large collection of spin are permanently coupled can be found in bulk materials. These mutual interactions of spins makes them either tend towards being aligned or anti- 
Due to the Hamming-weight preserving symmetry of the exchange interaction, as discussed previously, the state in ψ can only evolve into a superposition of the various ψ as defined above and 000 00 . As a result, the state of the spin changes at various points in the chain and also at Bob's end. Bob now has to choose an appropriate time to obtain a state that is as close to Alices state as possible:
( ) 
Quantum Memory
Computation, without memory, is not as optimal and efficient, and quantum computation is no different in the case of most algorithms and information processing tasks. This is particularly required in the context of quantum communication, and a way to realize this, which follows from the previous discussion on quantum communication protocols using a medium that has constant coupling constant that is always operational, has been formulated by us, as part of this project. Let us take the simple case of a system that has three components: the qubit(s) to be stored ( A Q at location A), the memory bus and the qubit(s) in which the information is to be stored ( M Q at location M 
Decoherence-Free Subspaces
A decoherence-free subspace is a subspace of Hilbert space of a system that remains invariant to non-unitary dynamics [70] [71] [72] . The system is kept decoupled from the environment and therefore its evolution is completely unitary. Decoherence-free subspaces can be characterized as a special class of Journal of Quantum Information Science quantum error correcting codes (QECC), as shall be highlighted later in this chapter. These subspaces isolate quantum information and thereby prevent destructive or noisy interactions with the system's environment. These subspaces are an important conceptual and physical tool in quantum information, and are found to be useful when coherent control of a quantum system is required. Loss of coherence of quantum systems is called decoherence and takes place due to the interaction of a quantum system with uncontrollable degrees of freedom of the environment of the system. Since quantum computers cannot be truly and entirely isolated from their environment and thereby information can be lost due to decoherence, the study of decoherence-free subspaces is of utmost important for the implementation of quantum computation in the real world.
As per the definition of Decoherence-free subspaces [71] , if we consider the dynamics of a system S coupled to a bath B and let the system evolve unitarily under the combined system-bath Hamiltonian 
for all states ψ that span  and for every operator S α in I H .
2) Interaction operators S and B are decoupled initially.
3)
S H ψ has no overlap with states in the subspace that is orthogonal to  .
Then the subspace  is called a decoherence-free subspace of  .
Let us consider the dynamics of N interacting spins that are collectively coupled to an environment with each spin experiencing the same interaction with its environment. We can then write 
Exponentiating the operators in (30) and using (34), we have
If we now consider the hamiltonian for the exchange interaction:
Thus, given the result in Equation (31), the operator given by the exchange interaction preserves the decoherence-free subspace for a "collective decoherence" model. The smallest number of physical qubits that gives a fully encoded Decoherence-free Subspace qubit is found to be four [71] . Let us take this case, and consider the states with zero angular momentum: 
Let us now look at the effect of the operation of the various exchange interactions ij E , where the i th and j th qubits are being exchanged.
Due to the symmetry of the logical basis states, 34 E has the same effect.
Looking at the operation, we can define an encoded Z operator:
For defining a similar X operator:
is not as straightforward since no one exchange interaction seems to provide the solution.
Therefore, before moving forward with trying to define this composite operator, let us look at some other cases for the exchange interaction:
The CNOT gate has been realized previously with two logical qubits comprising of three physical qubits as well by DiVincenzo et al. [26] .
Thus, one can obtain a fault-tolerant universal set of gates using just the exchange interaction.
Discussion
Since the SWAP α gates generated by the exchange interaction are non-commutative in general (adjacent operators operating on a common qubit), we can obtain an entire zoo of quantum states (and entanglement patterns) using these operators. However, given the parity constraints due to the permutation symmetries involved, we can define invariant subspaces for these states. This
gives us an efficient method for classifying the generated states.
This resource and classification has been used for defining various models of quantum computation, quantum communication, quantum memory and deo-Journal of Quantum Information Science cherence-free subspaces. The Hamming-weight preserving symmetry of the SWAP α gate is found to be of fundamental importance in most of these protocols. Due to the ubiquity of the exchange interaction in various physical systems including in condensed matter systems, this set of applications can be extremely useful in realizing quantum information processing in such physical systems.
Conclusion
In this paper, I have proposed new ways of applying entanglement generated using the exchange interaction for various quantum information processing tasks. This includes five distinct models of quantum computation, ways of implementing quantum communication protocols, quantum memory and defining decoherence-free subspaces. Future experimental realizations of quantum information processing that involve the exchange interaction can be based on the comprehensive theoretical study of these applications given in the paper.
